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ABSTRACT
The cosmological constant, which was introduced by Einstein a century ago to allow for a static universe, experienced a revival two
decades ago under the label dark energy as a parameter to model the observed accelerated expansion of the universe. Its physical
nature has however remained enigmatic. Here we use the Einstein equations without cosmological constant to show that the origin of
the accelerated expansion is not in the equations but has to do with the boundary conditions related to the causal horizon, which exists
because the age of the universe is finite. Via transformations to conformal coordinates and Euclidian spacetime we find a resonance
condition that uniquely determines the dimensionless parameter ΩΛ that governs the observed cosmic acceleration: ΩΛ =
2
3
(π tH/tc)
2,
where tH is the Hubble time and tc is the conformal age of the universe. This explanation leads to a somewhat modified cosmology, in
which the expansion rate of the early universe is 2.1 times faster than in the standard model. We show that Big Bang nucleosynthesis
calculations with the faster expansion rate requires the mean baryon density to be raised to the level of the total matter density to
agree with the observed deuterium abundance. This appears to eliminate the need to invoke the existence of some yet to be discovered
exotic particles to explain dark matter, since all of it may be baryonic while still remaining consistent with the observed abundances
of the light elements.
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1. Introduction
According to standard cosmology the universe is 13.8 billion
years old and spatially flat, but only 4.9% of the critical mean en-
ergy density that is required for flatness is in the form of ordinary
matter, baryons. The rest of the energy density resides in two
enigmatic components, 25.9% as dark matter and 69.1% as dark
energy (Planck Collaboration et al. 2016). While the discovery
of dark matter goes back to Zwicky (1937) and remains a mys-
tery eight decades later, dark energy was introduced two decades
ago to account for the accelerated expansion of the universe that
was revealed by the use of supernovae type Ia as standard candles
(Riess et al. 1998; Perlmutter et al. 1999). The physical nature of
dark energy also remains a complete mystery and is being treated
as a fitting parameter in the standard cosmological models, in the
form of a cosmological constant.
Einstein (1917) introduced the cosmological constant to al-
low for a static universe but considered it a blunder after obser-
vations revealed that the universe was not static but expanding.
All later observations were compatible with a zero cosmologi-
cal constant Λ until the accelerated expansion was discovered.
Λ represents a property of the spacetime metric in the form of
a vacuum energy that one would expect in quantum field theo-
ries (QFT). It can therefore be expected to represent the vacuum
energy in a theory of quantum gravity. The problem is that es-
timates based on straightforward dimensional analysis lead to
a predicted value for Λ that is about 122 orders of magnitude
larger than the presently observed value (cf. Eq. (41) below).
This monumental discrepancy illustrates how far we are from an
understanding of the gravitational role of the quantum vacuum.
It has led to the belief that a resolution of the dark energy enigma
will require a theory of quantum gravity (cf. Binétruy 2013).
If the vacuum energy were as large as expected from QFT,
and if this energy were a source of gravity, then the universe
would collapse on a miniscule time scale without the opportu-
nity to grow large to allow a sufficient time scale for biologi-
cal evolution. Long before the accelerated expansion was dis-
covered Weinberg (1987) invoked the anthropic principle to set
tight upper limits on the magnitude of Λ, which would be com-
patible with our existence as observers. While such an argument
effectively restricted the allowed range, it opened the door to the
possibility of parallel universes with other values of Λ, most of
which (an infinity of them) with values incompatible with the ex-
istence of life. String theory allows a “landscape” of 10500 possi-
ble universes, and as no theoretical procedure to choose among
them has yet been found, the anthropic argument has again been
invoked and presented as if it would offer an explanation for the
kind of universe that we live in (cf. Ellis & Smolin 2009).
Before the discovery of accelerated expansion it seemed that
the mean energy density of the universe was much smaller than
the critical density required for spatial flatness, even when ac-
counting for all the invisible dark matter. This would be incom-
patible with inflation, which predicts that the present universe
must have nearly zero curvature. The discovered dark energy
filled the gap. All forms of energy, baryonic, non-baryonic, and
vacuum energy, now add up to the critical density, thus restoring
flatness.
One major conceptual problem with a cosmological constant
is that it leads to a cosmology that is in gross violation of the
Copernican principle, which states that we are not privileged ob-
servers in the universe. In the cosmological context it is often
referred to as the cosmic coincidence problem. When the uni-
verse expands as described by a scale factor a(t), Λ stays con-
stant while the densities of matter and radiation vary as a−3 and
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a−4, respectively. This implies that the radiation energy density
in the Planck era dominated over the vacuum energy density by
122 orders of magnitude, while in the future it is the vacuum
energy density that will dominate by an increasing number of
orders of magnitude. We happen to live in an epoch when the
vacuum and matter energy densities are of the same order. This
extraordinary coincidence has not been given any explanation
other than again referring to the anthropic principle.
Let us now turn from dark energy to dark matter. Evidence
for its existence comes from a variety of observations, the most
important ones being the rotation curves of galaxies, the veloc-
ity dispersion of galaxies in clusters, and gravitational lensing.
While explanations in terms of modified gravity have been tried,
the general consensus is now that dark matter really exists in
the form of particles. Particularly convincing evidence for this
comes from observations of a collision between two galaxy clus-
ters, the Bullet Cluster, which shows that the visible component
is significantly displaced by the collision relative to the invisible
(but gravitating) dark matter component, something that has no
explanation in terms of modified gravity (cf. Markevitch et al.
2004; Clowe et al. 2006).
It is clear that dark matter must consist of cold (non-
relativistic), dark collisionless matter, but this does not exclude
that it can be baryonic. The main reason why it is widely be-
lieved to be non-baryonic comes from the constraints of BBN
(Big Bang nucleosynthesis) calculations. Only about 5% of the
critical density of the universe can be in baryonic form if the
BBN predictions are to agree with the observed abundances of
the light elements. Since the total matter fraction is about 30%,
the implication is that there is about 5 times more non-baryonic
than baryonic matter. Often the non-baryonic matter is referred
to as WIMPs, weakly interacting massive particles.
Nobody knows what kind of particles WIMPs are made of,
although major search efforts have been carried out for several
decades. The searches are made with large underground detec-
tors in order to filter out spurious signals from cosmic-ray parti-
cles. Attempts to produce hypothetical dark matter particles by
colliders like LHC at CERN have also been unsuccessful so far.
As time goes on without anything else than null results, the cred-
ibility of the belief that most of the dark matter is in an exotic
non-baryonic form suffers. However, as good alternative expla-
nations of dark matter are unavailable, the search continues un-
abated.
The aim of the present paper is to show that the unaltered
Einstein equations without a cosmological constant lead to an
accelerated expansion of the universe of the observed magni-
tude, as a consequence of the boundary conditions that must
be enforced to preserve consistency. The observable universe is
bounded by being enclosed inside a causal horizon, which exists
because the age of the universe is finite. The causal boundary
constraint leads to a resonance condition. Because this condi-
tion is always tied to the size of the causal horizon, the coinci-
dence problem disappears. The main resulting modification of
the cosmological evolution is an expansion rate in the early uni-
verse that is 2.1 times faster than in the standard model. With
this faster rate the BBN predictions appear to give agreement
with the observed abundances of the light elements only if the
baryonic mean density is increased from 5% to values of order
30%, which would eliminate the need to invoke the existence of
non-baryonicmatter or WIMPs to account for these abundances.
In Sect. 2 we first explore the properties of the gravitational
potential in the presence of a cosmological constant. The Newto-
nian potential gets changed into a Helmholtz potential that rep-
resents the solution of a wave equation. The spatial scale of the
wave is related to the radius of the causal horizon. In Sect. 3 we
then remove the cosmological constant from the equations and
determine the resonance condition that is induced by the pres-
ence of the causal horizon. This requires the use of conformal
coordinates, with which the expansion factor a(t) is transformed
away, as well as the transformation to Euclidian spacetime. The
resonance condition uniquely determines the value of Λ without
the use of any free parameters. In Sect. 4 we use a simplified
BBN treatment of deuterium production in the early universe to
show that with our non-standard enhanced expansion rate the
baryon density needs to be enhanced to the level of the total mat-
ter density to preserve agreement with the observed deuterium
abundance. We finally summarize the conclusions in Sect. 5.
2. Gravitational potential in the presence of a
cosmological constant
The present paper aims at explaining dark energy as an emergent
phenomenon that is not explicitly present in the underlying equa-
tions for the metric and the gravitational field. Before addressing
the question of its origin, let us here start by taking a look at the
roles played by the cosmological Λ term when it is inserted ad
hoc in the Einstein equations in the standard way. This term has
two main effects. While its role of a vacuum energy density (dark
energy) acting as repulsive gravity is well known, its second role
as a kind of vacuum polarization representing a feedback of the
vacuum energy on the gravitational interaction has been largely
overlooked. In the present section we will highlight this feedback
and show how it leads to a wave equation for the interaction.
2.1. Poisson equation for the gravitational potential
Newtonian gravity faces serious inconsistency problems when
trying to deal with an infinite distribution of matter. If one tries
to apply the shell theorem, the force on a particle depends on
the arbitrary choice of center for the spherical geometry. As de-
scribed by Ghosh & Dey (2016), already Laplace (1880) tried to
deal with this problem by introducing a Yukawa-like exponential
cut-off of the gravitational potential Φ:
Φ ∼ −e−r/rs/r , (1)
where rs is the screening or cut-off distance that defines the finite
range of the gravitational force.
Such a Yukawa-like potential was also applied for similar
reasons by Seeliger (1895) and Neumann (1896). It results from
the screened Poisson equation
∇2Φ − λΦ = 4πG ρ , (2)
which served as Einstein’s Newtonian starting point when he in-
troduced his cosmological constant λ in his 1917 cosmological
paper (Einstein 1917).
There has since been considerable confusion whether or
not a positive cosmological constant really leads to a Yukawa-
like gravitational potential. Thus Straumann (2002) points out
that Einstein, Weyl, and Pauli saw the cosmological term as a
Yukawa term, but he then argues that this interpretation is incor-
rect, since the stationary solution for Φ given by general relativ-
ity for a homogeneous universe is
∇2Φ = 4πG (ρ− 2ρΛ) , (3)
where ρ is the mean matter density, while
ρΛ ≡
c2Λ
8πG
(4)
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represents the vacuum energy density, with Λ being the cosmo-
logical constant. When the vacuum energy term in Eq. (3) is
moved over to the left-hand side, we see that its sign is oppo-
site to that of the corresponding term in Eq. (2), and this has
been taken to imply that the gravitational potential would not be
screened. This conclusion has been restated in the nice review
by O’Raifeartaigh et al. (2017).
However, when comparing Eqs. (1)-(3) with each other, we
notice that there is something profoundly missing. While the
vacuum energy term in Eq. (3) is a constant, independent of
space and time, λ in Eq. (2) is a multiplicative factor for the r
dependent potential Φ in Eq. (1). The λ term therefore induces
a feedback from Φ to its own spatial gradients in the screened
Poisson equation, and it is this feedback that is the reason for the
screening. Regardless of the sign issue, this feedback is missing
in Eq. (3).
2.2. Derivation in general relativity
To understand the origin of this feedback, let us here provide
a brief derivation, starting with the standard formulation of the
Einstein field equation with a cosmological constant Λ term:
Rµν −
1
2
gµνR + Λ gµν = −
8πG
c4
Tµν . (5)
Our treatment will be based on the convention (+ − −−) for the
spacetime signature.
Before introducing the weak-field approximation it is conve-
nient to rewrite Eq. (5) in the form
Rµν = −
8πG
c4
S µν , (6)
where
S µν = Tµν −
1
2
gµνT −
c4Λ gµν
8πG
. (7)
This form is readily obtained from Eq. (5) in the standard way
by making contraction with gµν and using the circumstance that
gµν contracted with gµν equals 4.
Let us write gµν ≡ ηµν + hµν, where ηµν represents the
invariant Minkowski metric with diagonal elements unity and
signs + − −−, while hµν is the spacetime dependent part of
the metric. In the weak-field approximation |hµν| ≪ 1, and
Rµν ≈ 12 ∂2gµν if we, as is usually done, adopt the harmonic
gauge. ∂2 ≡ (1/c2) ∂2/∂t2 − ∇2 is the 4D d’Alembertian oper-
ator. Its spatial part is the negative Laplace operator −∇2. We
further assume here for simplicity that the stress-energy tensor
Tµν consists of baryonic matter with zero equation of state (zero
pressure terms), so that T00 − 12 g00T can be replaced by ρ c2/2.
Then only the g00 part of the metric has material sources. Its
weak field equation is
∂2g00 = −
8πG
c2
(
ρ − c
2Λ g00
4πG
)
. (8)
As ∂2g00 = ∂
2h00 because the derivatives of η00 = 1 vanish,
the weak-field equation is usually written in a form where g00
on the left-hand side is replaced by h00, and g00 on the right-
hand side is replaced by unity, since both h00 and Λ are small
quantities. However, it is essential to retain the h00 contribution
to the Λ term on the right-hand side, because it is the source of
vacuum polarization effects that will give us a wave equation for
the potential. Therefore we need to write the weak field equation
in terms of g00, not in terms of h00.
Since the small Λh00 term has generally been neglected in
previous literature for the weak-field case, let us explain why it
is essential here. Λ ∼ 1/r2
Λ
, where rΛ is a characteristic length
scale (cf. Eq. (13)). As we will see in Sect. 2.4, the small obser-
vationally determined value of Λ corresponds to an rΛ that is ap-
proximately equal to the radius of the particle horizon of the uni-
verse. On distance scales r ≪ rΛ one can safely ignore the Λh00
term, as has been correctly done for instance in Jetzer & Sereno
(2006) when considering the effect of Λ on the dynamics of stel-
lar systems. It is however incorrect to neglect it for cosmological
distances, when the condition r ≪ rΛ is no longer satisfied, be-
cause it is the sole source of either exponential, Yukawa-like cut-
off (when the cosmological constant is negative) or wave behav-
ior of the potential (when the cosmological constant is positive)
at the characteristic rΛ distance scale.
As usual the identification h00 = 2Φ is made to satisfy the
Newtonian limit, where Φ is the gravitational potential, here per
unit energy (not per unit mass, which would differ by the factor
1/c2), so that
g00 = 1 + 2Φ . (9)
The stationary version of Eq. (8) then gives us an extended Pois-
son equation with Λ term for the potential Φ:
∇2Φ + 2ΛΦ = 4πG
c2
( ρ − 2ρΛ ) . (10)
Apart from the definition ofΦwith respect to unit energy instead
of unit mass, the equation would be identical to Eq. (3), if it were
not for the profound 2Λ term on the left-hand side, which rep-
resents a feedback of the medium (the vacuum) to the potential
Φ.
Equation (10) explicitly brings out the two physical roles
played by the cosmological constant Λ: (1) The ρΛ term on the
right-hand side is a source of repulsive gravity, while (2) the Λ
term on the left-hand side provides feedback to the potential,
similar to the effect of vacuum polarization. It is important to re-
member that these two roles reflect two faces of the same coin,
namely the two terms that make up g00 in Eq. (9). Role (1) comes
from the term 1, role (2) from the term 2Φ. Both terms always
contribute in concert.We do not have the freedom to change their
relative proportions.
This unity of the two roles is implicitly contained in Eq. (8),
which can be rewritten in a form that makes its structural simi-
larity to field theory formulations transparent:
∂2ϕ − m2 ϕ − J = 0 , (11)
where
ϕ ≡ g00 ,
J ≡ − 8πG
c2
ρ , (12)
m2 ≡ 2Λ .
In general the gravitational field is a tensor field, while
Eq. (11) represents it as a scalar field, because we have disre-
garded the off-diagonal components of the stress-energy tensor.
This simplification is valid for our exploration of the gravita-
tional potential, and in particular when we later consider global
wave modes in a cosmological medium that is isotropic and ho-
mogeneous.
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With this formulation the effect of Λ appears exclusively in
the single m2 term, there is no separate vacuum energy density
ρΛ that combines with the mass density ρ. This unification oc-
curs because ϕ is a physical field that represents the metric (more
precisely its g00 component), which implicitly contains both Λ
effects, in contrast to the potential Φ, which only represents a
fractional aspect of the metric.
In standard QFT (quantum field theory) m represents a mass
scale, while here it is more convenient to let it represent a wave
number kΛ. This difference is however immaterial and only de-
pendent on the choice of dimensions that we use for ϕ. Equation
(11) then has formal similarity to the Klein-Gordon equation,
except for the sign of the m2 term. The Klein-Gordon sign is
the origin of the Yukawa-type exponential cutoff of the poten-
tial. The solution is the same if we formally replace the Yukawa
mass m with the imaginary mass i m. This leads to a potential
with oscillatory behavior.
If theΛ term in the Poisson Eq. (10) were negative, the equa-
tion would be a so-called screened Poisson equation and give rise
to a Yukawa potential. In reality, however, the term is positive,
which gives us a Helmholtz equation with oscillatory solutions
(cf. Roza 2017). Such wave equations are familiar in numerous
areas of physics. The Schrödinger equation belongs to this type.
It is helpful to represent the wave number in terms of a char-
acteristic distance scale for the oscillations:
m ≡ kΛ ≡ 2π/rΛ (13)
It follows that rΛ = 2π/
√
2Λ . It turns out to be equal to the
causal radius of the universe (distance to the particle horizon),
as we will see in Sect. 3 (cf. Eq. (34)).
The scalar Eq. (11) follows from the Lagrangian
L = 1
2
[ (∂2ϕ)2 + m2 ϕ2 ] + J ϕ . (14)
Its Green’s function or propagator D(x − y) is determined by
−(∂2 − m2) D(x − y) = δ4(x − y) (15)
with the solution
D(x − y) =
∫
d4k
(2π)4
eik(x−y)
k2 + m2
. (16)
We will refer to the expression for the propagator in Sect. 3.5.
2.3. Feedback from the vacuum to the gravitational force field
The stationary version of Eq. (8) is the Helmholtz equation
∇2g00 + k2Λ g00 =
8πG
c2
ρ , (17)
where k2
Λ
≡ 2Λ ≡ (16πG/c2) ρΛ with our previous definitions.
ρ is the mass density, while all vacuum effects come from the
k2
Λ
term. Below we will give the solution of the equation for a
point source. In this case we need to replace ρ in the source term
on the right-hand side with M δ3(r), where M is the mass of the
point source, and δ3(r) is the 3D Dirac delta function.
The left-hand side of Eq. (17) has the structure of a nega-
tive Hamiltonian in the time-independent Schrödinger equation,
when the force field is attractive so that the potential energy is
negative. The k2
Λ
term corresponds to minus the potential energy
in the Schrödinger equation if g00 plays the role of the wave func-
tion. This analogy illustrates why we get a wave behavior for g00
that is similar to waves in quantum physics.
The general point source solution of Eq. (17) in spherical
coordinates is
g00 =
∞∑
ℓ=0
ℓ∑
m=−ℓ
[ aℓm jℓ(kΛr) + bℓm yℓ(kΛr) ] Y
m
ℓ (θ, ϕ) , (18)
where jℓ and yℓ are the two orthogonal spherical Bessel functions
of order ℓ (the radial wave functions in quantummechanics), and
Ym
ℓ
are the spherical harmonics. The coefficients are determined
by boundary conditions.
While the non-radial solutions lead to the rich structuring
that we encounter in atomic physics, we assume that the gravita-
tional potential exhibits exact spherical symmetry. This implies
that ℓ, m = 0, so that only the spherical Bessel functions j0 and
y0 need to be considered.
j0 =
sin kΛr
r
,
y0 = −
cos kΛr
r
. (19)
The solution then reduces to
g00 = a00 j0 + b00 y0 . (20)
Let us here denote the gravitational potential from a point
source by φ to distinguish it from Φ, which referred to the total
potential that included extended sources. According to Eq. (9)
φ = 1
2
(g00 − 1) . (21)
Let φN refer to the corresponding Newtonian potential, which
represents the case when Λ = 0. The Newtonian limit is ex-
pressed through
φ = φN when r ≪ rΛ , (22)
which represents the inner boundary condition for Eq. (20).
φN = − 12
rb
r
(23)
with the definition
rb ≡
2GM
c2
. (24)
We recognize this as the radius of the event horizon for a black
hole of mass M. Here we use it to define the convenient param-
eter rb, using the symbol ≡ instead of = to make it clear that we
are not suggesting that we are dealing with solutions for actual
black holes. In gravitational physics the same expression appears
in different contexts. For instance, for an infinite, homogeneous
universe with flat metric, Eq. (24) is valid when we let rb repre-
sent the Hubble radius and M the total mass inside the Hubble
radius.
The inner boundary condition Eq. (22) then gives us
b00 = rb . (25)
The remaining parameters (kΛ and a00) need to be determined
by outer boundary conditions, which we will identify later
(Eqs. (34) and (36) in Sect. 3, with the use of the definition in
Eq. (29)).
Empty space or the vacuum state refers to the case when ρ =
0. Let us denote the gravitational potential of the vacuum state
by ΦΛ. It then follows from Eq. (21) that
ΦΛ = − 12 , (26)
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because g00 → 0 as 1/r according to Eq. (20), when the dis-
tance r from the physical sources goes to infinity. This is an
intriguing result, since the number 1
2
is familiar from quantum
physics as the energy of the vacuum state. There it arises from
the quantization of the harmonic oscillator. In contrast, no quan-
tization condition has been applied here, although the Helmholtz
Eq. (17) has structural similarity to the equation for a harmonic
oscillator. In our context the non-zero, flat ΦΛ arises because the
gravitational field, which is represented by the metric and not by
the potential alone, is a superposition of the potential (the fluctu-
ating part) and the flat Minkowski background. The gravitational
field that is represented by g00 does not have a non-zero vacuum
state. The minus sign of ΦΛ is related to the circumstance that
gravitation is attractive for “charges” (masses) of the same sign.
The distinction between g00 and 2φ vanishes when we consider
the gravitational forces or accelerations, because the derivative
of the flat part of the potential is zero.
The gravitational acceleration is obtained from the potential
through gacc = − ∂φ/∂r = − 12 ∂g00/∂r, which for the Newtonian
case is gN = −rb/(2r2) according to Eq. (23). Here we add index
“acc” to g to make clear that we are talking about the accel-
eration and not the metric, which is also referred to by g. From
Eqs. (20), (21), and (25) we find the ratio between the Helmholtz
and Newtonian accelerations to be
gacc/gN = (1 + β x) cos x + (x − β ) sin x , (27)
where for convenience we have introduced the dimensionless
distance scale
x ≡ kΛr (28)
and the simplified notation
β ≡ a00/b00 . (29)
The value of β needs to be fixed by an outer boundary condition,
which we will address in Sect. 3.6.
2.4. Scale of the Helmholtz oscillations
As we saw in Eq. (13), the scale rΛ of the Helmholtz oscillations,
defined by kΛrΛ ≡ 2π, is rΛ = 2π/
√
2Λ . We now want to ex-
press it in units of the Hubble radius of the universe, rH = c/H0,
where H0 is the current value of the Hubble constant. For a Fried-
mann universe with zero curvature H0 is related to the critical
density ρc through
ρc =
3H2
0
8πG
. (30)
In the standard cosmological models the cosmological con-
stant represents a vacuum energy density ρΛ = ΩΛ ρc, where
ΩΛ = 0.69 according to Planck Collaboration et al. (2016). With
Eq. (4) we then find
rΛ
rH
=
2π√
6ΩΛ
, (31)
which equals 3.1 if we insert the observationally determined
value for ΩΛ. As we will see in Sect. 3.3 and in Eq. (45), rΛ is
equal to the causal radius (distance to the particle horizon) of the
universe. It is the scale that is relevant to dark energywhile being
vastly larger than the scales that are relevant to dark matter. Still
the resolution of the dark energy enigma leads to non-standard
effects that have direct implications for the nature of dark mat-
ter, namely that all of dark matter appears to be baryonic, without
the need for yet to be discovered exotic forms of matter. We will
return to this issue in Sect. 4.
3. Origin and nature of the dark energy
Throughout the previous section we have tried to clarify some
of the aspects in which gravity is affected by the Λ term, when
it is inserted ad hoc in the Einstein equation in the form of a
cosmological constant. We have highlighted, in particular with
the help of Eqs. (11), (12), and (17), the fundamentally different
roles played by the Λ term and the real physical sources (which
are represented by the density ρ). The role of the Λ term is ex-
clusively to generate a feedback of the vacuum from the metric
(or the gravitational field) to itself, and not as a direct source of
gravity, a role that is instead played by real matter-energy (e.g.
as demonstrated by Eq. (17)).
If the Λ term would represent a physical field as a constant
to satisfy the energy-momentum conservation equation and the
Bianchi identities, then the near coincidence of the Λ-induced
wave scale with the size of the current cosmic horizon would
be extraordinarily unnatural as it would violate the Copernican
principle (which asserts that we are not privileged observers).
The horizon scale has increased by about 60 orders of magnitude
since the Planck era, while Λ would not change if it were a true
constant. This cosmic coincidence would not disappear unless
we abandon the view that Λ is part of the underlying equations.
The alternative is that the Λ effects instead emerge from bound-
ary conditions that constrain the solutions of the equations, as
we will show below. If we would try to account for such bound-
ary conditions by inserting a fitting parameterΛ into the original
equations, this parameter would masquerade as if it were a new
physical field, which it is not.
In the following we will show that the Λ effects are induced
as a consequence of the finite age of the universe. This implies
that the wave scale that is represented by Λ and the scale of the
causal horizon must remain linked throughout all epochs of cos-
mic history. The cosmic coincidence problem then goes away.
3.1. Vacuum energy induced by the finite age of the universe
Usually time is viewed as a coordinate along an infinite axis,
which extends backwards before the Big Bang and forwards into
the (as yet non-existing) future beyond the present moment. If
however the age of the universe is finite, time is bounded in a
physical sense, because it does not exist beyond the two tempo-
ral boundaries (Big Bang and the present moment), as we will
further clarify below. Let ∆t denote the length of time between
these two boundaries. While a Fourier decomposition of a con-
stant field along an infinite time line would give a delta function
δ(ω), an infinitely sharp peak at zero frequency, the correspond-
ing decomposition for a truncated time line would give a fre-
quency spread ∆ω that is approximately given by
∆ω∆t ≈ 1
2
. (32)
If we multiply both sides by ~ we recognize Heisenberg’s un-
certainty principle, with ∆E = ~∆ω interpreted as the vacuum
energy that is induced by constraining the temporal interval. The
smaller this interval is, the more violent are the fluctuations in
energy. These general arguments will be made more precise in
Sect. 3.5, where we develop a concrete, quantitative theory for
the emergence of a vacuum energyΛ of the observedmagnitude,
as a consequence of the finite age of the universe.
If a finite-age universe is to be compatible with quantumme-
chanics (and obey the Heisenberg uncertainty principle), then it
is inevitable that the universe must have started with a hot Big
Bang, because the energy variance ∆E that represents the vac-
uum fluctuations goes to infinity when ∆t goes to zero. Likewise
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∆E goes to zero in the distant future because it is inversely pro-
portional to the age of the universe. This vacuum energy den-
sity, induced by the existence of temporal boundaries or hori-
zons, represents a scale that is always linked to the horizon scale
for any magnitude of the horizon radius.
While it is generally accepted that time may have a begin-
ning or edge at the Big Bang, time is usually considered to be
unbounded in the forward, future direction. This seems to con-
tradict our notion of a finite time line that ends at the present
moment and does not extend into the future, and which therefore
represents a 1D temporal cavity. The reason why time is finite
and not semi-infinite is that the future is unobservable.
When we look out into the universe, we look back in time,
until we reach the edge presented by the Big Bang. One speaks
of look-back time, but there is no such thing as look-forward
time. There can be no causal influences reaching us from the
future. Therefore the present represents a causal boundary that
cannot be crossed from the “outside” (the future). Our temporal
1D cavity is constrained between two causal boundaries, at the
Big Bang and at the present time. Similarly, space is bounded,
between “here” and the causal (particle) horizon. The bounded,
observable 4D volume increases continually as the horizon ad-
vances both spatially and temporally (into the future) with the
age of the universe.
3.2. Flatness of space
Equation (17) explicitly showed us that only real mass-energy
(represented by ρ) but notΛ is a source of gravity. To understand
this statement better, a comparisonwith Debye screeningmay be
helpful. The source of the electric field is the point charge that is
embedded in a plasma environment that is filled with a contin-
uum of charges. These environmental charges are however not a
source of the field, their role is to provide the screening of the
potential. Similarly, ρ is the source, while Λ provides the feed-
back, which because of its sign does not result in screening, but
instead endows the (Helmholtz) potential with wave properties.
Gravity manifests itself by changing the metric. In the ab-
sence of sources for gravity spacetime is flat. An empty universe
(ρ = 0) has no gravity, no curvature. In a non-empty universe that
expands forever ρ → 0 as time t → ∞. The obvious boundary
condition at infinity for such a universe must therefore be that
it has Minkowski metric and not something else (like de Sitter
metric).
If the curvature of space is zero at a given epoch, then it fol-
lows from the standard cosmological equations that it is zero at
all epochs. There is no need to invent a hypothetical inflationary
phase for the purpose of explaining why the metric of the uni-
verse is observed to be flat. Since Λ without ρ cannot be a source
of gravity, as we have shown above, it follows that there cannot
be an exponentially expanding phase in the distant future, the
end phase of the universe is not a de Sitter phase.
The starting point of the following treatment is therefore to
consider a homogeneous and isotropic universe with zero cur-
vature and without any cosmological constant present in the un-
derlying equations. We will then show how the finite age of the
universe leads to effects, which are the same as those of a cos-
mological constant Λ with a value that matches the observed
one. No free parameters or model fitting are used to derive this.
Nature did not have a choice to generate Λ effects of different
magnitude.
3.3. Cosmic horizons and conformal coordinates
In Sect. 3.1 we gave qualitative arguments why Λ-like effects
should emerge when we constrain the time line, because the set
of Fourier modes that can fit within the finite interval gets re-
stricted. To express these ideas in a precise and quantitative way
we first need to clarify the meaning of causal boundaries or hori-
zons in an expanding universe. This also allows us to clarify what
we mean by the stationary solution for the Helmholtz potential
in Sect. 2.3, when we are dealing with an expanding universe
with a time-varying scale factor a(t).
Observations tell us that the current age of the universe is
13.8Gyr, while the Hubble time (1/H0) is 14.4Gyr. Although
the Hubble radius at 14.4 billion light years (GLyr) is often re-
ferred to as the “cosmic horizon”, this terminology is a bit mis-
leading, because the Hubble radius is “just” a parameter, not a
physical horizon. The causal or particle horizon, from beyond
which no forces or interactions can reach us, is at 46.9GLyr.
This distance equals the speed of light times the conformal age
of the universe (which is 46.9Gyr). It is the time it would take
for a photon to reach us from the causal horizon if the universe
would stop expanding. The normal and the conformal age of the
universe are different because the points from which the propa-
gating light tries to reach us continually recede from us due to
the cosmic expansion.
The radius of the horizon is differentially stretched by the
expansion, as expressed by the distance-redshift relation. The
usual way to describe this is in terms of the Robertson-Walker
metric with a scale factor a(t) that multiplies the spatial differ-
ential distance. For many purposes it is much more useful to
instead use conformal coordinates, with which the scale factor
has been transformed away so that the metric formally becomes
Minkowski-like.
While ordinary cosmic time t =
∫ t
0
dt, conformal time τ is
defined by
τ =
∫ t
0
dt
a
(33)
or, equivalently, dτ/dt = 1/a. In a spacetime diagram based on
conformal coordinates (conformal time vs. comoving radial dis-
tance), light rays are straight lines with a slope given by the speed
of light, just like they are in inertial coordinate systems.
The conformal coordinate background provides an arena in
which it makes sense to make Fourier decompositions, because
conformal invariance implies that geometric shapes and angles
are preserved. The sine and cosine components of a Fourier de-
composition do not get deformed (differentially redshifted) by
the stretching of space when we use conformal coordinates, they
retain their sine and cosine shapes. It is against this coordinate
background that one should interpret the metric perturbations
that one finds when solving the weak-field Einstein equations for
the stationary case, as we did in Sect. 2.2. In a normal, expanding
coordinate system it is not well defined what we mean by a sta-
tionary case. The Helmholtz potential that we found in Sect. 2.2
needs to be expressed in terms of conformal coordinates.
3.4. Euclidian spacetime
The treatment of the Λ-like effects that emerge because the ob-
servable time line is constrained can best be done in 4D Euclid-
ian spacetime, because time can then be viewed as an angular
coordinate, which reveals the existence of a resonance condition
that is the reason for the effects that we refer to as dark energy.
The transformation from Minkowski to Euclidian spacetime is
6 of 13
J.O. Stenflo: Dark energy as an emergent phenomenon
done through Wick rotation in the complex plane, such that or-
dinary time t becomes Euclidian time tE = i c t, where we have
inserted c to express tE in spatial units like the three other coordi-
nates. Since time now becomes imaginary, it may be interpreted
as an angular coordinate with period 2π, which corresponds to
the length ℓ of a finite time string that has periodic boundary
conditions. In our case ℓ is the conformal age of the universe
expressed in Euclidian time. The various wave modes of the
Fourier decomposition then have wave number 2π n/ℓ, where n
is an integer.
The transformation to Euclidian spacetime leads to remark-
able, even miraculuos advantages and insights. The Lagrangian,
which is used for the formulation of the Einstein equations (cf.
Eq. (14) for the weak-field case), becomes the Hamiltonian,
which is the agent that drives the cosmic evolution. Quantum
field theory QFT transforms into the structure of classical sta-
tistical mechanics. The path integral in field theory then corre-
sponds to the partition function in statistical mechanics, with the
oscillating phase factors in QFT now appearing as the Boltz-
mann factors, which allow the definition of a temperature. The
transformation thereby establishes a direct link between field
theories like general relativity or QFT and thermodynamics. In
particular it provides a direct route to the derivation of the Hawk-
ing temperature of black holes. For a brief introduction to this
topic, see for instance Zee (2010).
3.5. Wave modes induced by the finite age of the universe
The following wave mode discussion will relate to the treatment
of the weak-field approximation that we did in Sect. 2.2. This
approximation is valid for all cosmological epochs except for the
very early universe, in particular when we approach the Planck
era. However, as this strong-field era is of miniscule temporal
extent as compared with the relevant cosmological time scales
that we are dealing with here, the resonant condition that we will
identify as the origin of the Λ effects remains valid although it is
based on the weak-field treatment.
In the Euclidian spacetime the 4D d’Alembertian operator
becomes ∂2 = ∂2/∂t2
E
+∇2, because this spacetime has signature
(++++ ). Its inverse, representing the field propagator, is ∼ 1/k2,
where the square of the 4D wave number can be written as k2 =
k2
4
+ k2. Here k2 = k2
1
+ k2
2
+ k2
3
, with k1,2,3 representing the usual
spatial wave numbers, while k4 is now the angular frequency of
Euclidian time and represents the temporal modes.
As a consequence of the periodic boundary conditions (that
result because Euclidian time is cyclic), the temporal Fourier
transform with the factor exp(i k4tE) gets restricted to values
for which k4 = 2n π/ℓ for the nth harmonic, where the string
length ℓ = i c tc, with tc being the conformal age of the uni-
verse, 46.9Gyr according to standard cosmology. It follows that
the square of the 4D wave number is k2 = k2 + (2n π/ℓ)2 for
the nth harmonic mode, implying that we have effectively lost
one dimension. The expression represents a discrete set of sta-
tionary modes for the spatial 3D wave number. Because it is the
temporal dimension that has been lost, we have retrieved the sta-
tionary case that we need to make direct comparison with the
corresponding stationary case of Eqs. (16) and (17). This allows
us to relate our expression for k4 with the dark energy parameters
Λ or kΛ.
The partition function that governs the probability distribu-
tion over the possible wave modes is the sum over the respec-
tive Boltzmann factors that are generated by the Wick rotation:∑∞
n=1 e
−2nπ = 1/(e2π − 1), which shows how a Planck distribu-
tion emerges. As the probability for excitation to the next higher
harmonic decreases by the Boltzmann factor e−2π ≈ 1/535, it
is a good approximation to only consider the fundamental mode
(with n = 1) as relevant. We will do this here.
With the help of the Boltzmann factor one may introduce a
temperature. Although we do not need to make use of the tem-
perature concept in order to deriveΛ, we mention it here because
it may be of interest to indicate how it is related to the Hawking
temperature and a horizon. If we in the Boltzmann factors make
the identification ~ω/(kBT ) = ω tc, we get T = ~/(kBtc), which
here has the stupendously small value of about 10−29K due to the
gigantic value of tc. Using the expression for the Schwarzschild
radius of black holes, rBH ≡ c tBH = 2GM/c2, where we for
convenience of comparison have introduced a black hole time
scale tBH, we can convert the standard expression for the Hawk-
ing temperature TH to the form TH = ~/(4πkBtBH). This expres-
sion is the same as that of our simplistic derivation if we replace
tBH with tc, with the exception of the numerical factor 4π, which
may be due to the greatly different geometrical situations in the
two cases (as our universe does not have a Schwarzschild met-
ric). While not directly needed for our derivation ofΛ, it is worth
paying attention to the potentially profound implicit connections
that causal horizons have with thermodynamics and quantum
physics.
When converting back from Euclidian age ℓ to ordinary con-
formal age tc while disregarding the higher harmonics, we get in
conformal coordinates k2 = k2 − m2, where
m2 ≡ k2Λ = [ 2π/(c tc) ]2 . (34)
Here we have for later use (in Sect. 3.6) reintroduced the wave
number kΛ that we first introduced in Eq. (13). The field propa-
gator 1/k2 that we started off with has thus become 1/(k2 −m2),
exclusively as a result of the finite length of the time line. As
this now represents a stationary spatial wave pattern, it needs to
be compared with the propagator of Eq. (16) for the stationary
case, when ∂/∂t and the correspondingwave number k0 are zero.
In this case the denominator in Eq. (16) is −k2 + m2, which is
identical to the propagator that we derived via bounded time,
except for the overall sign. This global sign is however immate-
rial. It is a consequence of using the signature (+ − −−) for the
Minkowski metric rather than (− + ++), and because of the cir-
cumstance that when we transformed to Euclidian coordinates,
we switched the sign of the temporal but not the spatial part in
the signature of the metric. While the overall sign does not mat-
ter, the relative sign between the k2 and m2 terms is essential. It
agrees with Eq. (16), which implies that the stationary gravita-
tional potential is of Helmholtz and not Yukawa type, and that
the cosmological Λ parameter, which is obtained from the iden-
tification m2 = 2Λ of Eq. (12), is positive.
For readers who may be confused by this derivation of the
sign for Λ, because we have gone back and forth between Eu-
clidian and Minkowski coordinates, the following heuristic ar-
gument why the sign of Λ must be positive may be helpful. The
finite time string may be viewed as an infinite time line on which
we have imposed a rectangular window of width tc, which cuts
off everything outside the window. This rectangular restriction
is qualitatively similar to the exponential Yukawa-type cutoff,
when applied to the time line. In the time domain this cutoff has
the consequence that k2
0
changes to k2
0
+m2 (with m representing
the inverse cutoff scale), where we notice the same signs in front
of k2
0
and m2. However, this cutoff-induced m2 term then has a
sign that is opposite to that of the spatial k2 term because of the
signature of the Minkowski metric. As we have shown before,
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this has the consequence that in the spatial domain the gravita-
tional potential is of Helmholtz and not Yukawa type, and that Λ
is positive.
Let us note that for a homogeneous universe without spatial
gradients, the circumstance that k2
0
combines with m2 with a +
sign implies a Yukawa-type exponential temporal behavior (in-
duced by time being finite). This exponential temporal behavior
is in cosmology usually expressed in terms of a de Sitter (Λ)
term, which, if being the sole source of evolution, would lead
to an exponential expansion, in contrast to exponential decay in
the standard Yukawa case. However, in both the de Sitter and
Yukawa cases the equations allow both exponentially growing
and decaying solutions, the selection is made by the boundary
conditions that we impose. The de Sitter solutions are growing,
because we choose to start off with a compact Big Bang.
3.6. Boundary condition at the causal horizon
With the concepts and tools that we have developed in the pre-
ceding sections, let us now come back to our exploration of the
Helmholtz potential that we did in Sect. 2, since we are now
in a position to define the previously unspecified outer boundary
condition. This will allow us to illustrate (in Fig. 1 below) the be-
havior of Helmholtz gravity and to compare it with Newtonian
gravity. The treatment in the present section is not needed for our
derivation of the dark energy parameterΩΛ, which is the subject
of the following section, it is only needed for the completion of
our presentation of the behavior of Helmholtz gravity.
The particle horizon constitutes the natural outer boundary,
since no causal effects or interactions emanating from objects
beyond this distance can reach us, including all gravitational ef-
fects. Then continuity demands that all interactions, including all
accelerations, must vanish at this distance.
A treatment of the inner boundary condition, in the Big Bang
at the beginning of time, is beyond the scope of the present pa-
per, because it is in the realm of quantum gravity. Let us how-
ever briefly reflect on the implications of the requirement that all
interactions should vanish at both causal boundaries, also the in-
ner one, to satisfy continuity. Similar to the outer boundary case,
there should be no interactions from anything before the begin-
ning of time, because this part of the universe does not exist (if
physical time is truly finite).
The vanishing of all interactions as time t → 0 implies that
the beginning is a state of asymptotic freedom. At sufficiently
small temporal and spatial scales the gravitational interactions
should go to zero if this natural boundary condition is to be sat-
isfied. While we are not yet in a position to specify the scales
at which such asymptotic freedom would be reached, it is rea-
sonable to expect the transition to be related to the scales of the
Planck era, but this is a topic that we will not pursue more here.
According to Eq. (27) the Helmholtz gravitational accelera-
tion gacc can be written (ignoring the constant of proportionality)
as
gacc ∼ −[ (1 + β x) cos x + (x − β ) sin x ] / x2 . (35)
With the same constant of proportionality the corresponding
Newtonian acceleration is ∼ −1/x2. Here x is the dimension-
less distance parameter defined by x ≡ kΛr as in Eq. (28), with
the wave number given by kΛ = 2π/(c tc) according to Eq. (34).
As before tc is the conformal age of the universe, and r is the
comoving distance coordinate (speed of light times conformal
time).
β is a parameter of the Helmholtz solution that has to be de-
termined by an outer boundary condition. This condition is that
Fig. 1. Gravitational accelerations for the Helmholtz (solid) and the
Newtonian (dashed) cases as functions of the comoving radial distance
in units of the Hubble radius (marked by the vertical dotted line). While
the Newtonian curve ignores the boundary and only reaches zero at in-
finity, the Helmholtz curve ends at the causal boundary with zero ac-
celeration. The location of the causal boundary (marked by the solid
vertical line) is determined by Eq. (45), which also uniquely determines
the value of the dimensionless vacuum energy parameter ΩΛ. Note that
the Helmholtz acceleration changes sign and becomes repulsive beyond
the halfway point to the causal horizon.
gacc must vanish at the causal boundary, where r = c tc and there-
fore x = 2π. While sin x then vanishes at the boundary, cos x
does not. Therefore gacc can only vanish there if 1 + 2π β = 0,
which unambiguously fixes the value of β:
β = − 1
2π
≈ −0.159 . (36)
In Fig. 1 we have used this value for β to plot the expression
on the right-hand side of Eq. (35) (after reversing its sign) as
the solid curve, with the corresponding Newtonian 1/x2 as the
dashed curve. The horizontal axis represents the comoving radial
distance in units of the Hubble radius, which is marked by the
vertical dotted line. The curve for the Helmholtz acceleration
ends where it meets the vertical solid line that marks the position
of the causal horizon. The exact position of the causal horizon in
these distance units is uniquely determined from the solution of
Eq. (45), as will be explained in the next section.
We notice that the attractive Helmholtz force is substantially
stronger than the Newtonian force at smaller and intermediate
distances. About halfways to the outer boundary the Helmholtz
force changes sign and becomes repulsive, before it has to vanish
at the boundary.
The enhancement of the force at smaller distances may raise
the question whether such a deviation from Newtonian gravity
could potentially be an explanation for the phenomenon behind
what we refer to as “dark matter”. The answer to this question
is “no”. The enhancement that we get with our Helmholtz force
does not exceed a factor of two, which is far too little to ac-
count for dark matter. To be a viable explanation for dark matter
the enhancement would need to be larger by more than an order
of magnitude and occur at scales about 104 times smaller than
the horizon scale. We are not aware of any physical effects that
would lead to modified gravity with such properties.
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3.7. Link to the Planck era and the uniqueness of ΩΛ
The critical value ρc of the mean mass density in a Friedmann
universe with zero spatial curvature is
ρc =
3
8πG t2
H
, (37)
where tH = 1/H is the Hubble time. This scaling between ρ
and time t is identical to that for a black hole of radius rBH ≡
c tBH (used to define the time scale tBH) and mass MBH. From the
expression
tBH =
2GMBH
c3
(38)
for the Schwarzschild radius and assuming a homogeneous den-
sity distribution ρ so that MBH = 4πρ c
3 t3
BH
/3, we recover
Eq. (37) if we replace ρ with ρc and tBH with tH .
In Friedmann cosmology ρc marks the boundary case be-
tween open and closed model universes. For black holes the
corresponding density marks the boundary between stability and
instability with respect to black-hole formation. To see how this
relates to the Planck era, and subsequently how the present mean
density of the universe relates to the Planck density, let us first
define the Planck era as the epoch when mini black holes get
spontaneously formed by vacuum fluctuations. Let us for conve-
nience use the notation ∆E ≡ MBH c2 to define the energy con-
tent of such a mini black hole, and denote ∆t ≡ tBH. Then, with
the use of Eq. (38), the Heisenberg criterion for spontaneous for-
mation of such mini black holes is
∆E ∆t =
c5
2G
t2BH =
1
2
~ , (39)
which defines the Planck time tP as the tBH that satisfies Eq. (39):
tP =
(
~G
c5
)1/2
. (40)
Because all black holes and flat Friedmann universes, regard-
less of their size, scale according to Eq. (37), we can relate the
present critical mean density ρc of the universe to the density ρP
in the Planck era (at time t = tP) through
ρc
ρP
=
(
tH
tP
)−2
= H20 t
2
P ≈ 10−122 , (41)
since tP = 5.38× 10−44 s and tH = 14.4Gyr = 4.54× 1017 s. This
beautiful scaling relation over 122 orders of magnitude would
be wrecked if a hypothetical inflationary phase would be intro-
duced.
Let us now see how the emergent vacuum energy that is rep-
resented by the Λ parameter relates to all this. The most con-
venient representation of Λ is in the form of the dimensionless
parameter ΩΛ, which we introduced in Sect. 2.4. It is defined
via the vacuum energy density ρΛ that was introduced in Eq. (4)
through
ΩΛ ρc ≡ ρΛ ≡
c2Λ
8πG
. (42)
With Eq. (37) we then obtain
Λ =
3ΩΛ
c2 t2
H
, (43)
while from Eqs. (34) and (12) we get the same Λ when derived
as an emergent quantity that is a consequence of the finite age of
the universe:
Λ =
2 π 2
c2 t 2c
, (44)
where tc is the conformal age of the universe. Combining
Eqs. (43) and (44) we find the expression for the dimensionless
ΩΛ:
ΩΛ =
2
3
(
π tH
tc
)2
. (45)
Note that Λ in Eq. (44) depends exclusively on the confor-
mal age tc, while ΩΛ in Eq. (45) depends on the ratio tc/tH . The
reason why the Hubble time appears in Eq. (45) is that ΩΛ rep-
resents the fraction of the critical density ρc that is in the form of
dark energy, and ρc ∼ 1/t2H according to Eq. (37).
In the models of standard cosmology the ratio tc/tH between
the conformal and Hubble times depends on the cosmological
parameters, including ΩΛ (because it depends on the shape of
the a(t) function), but it is close to π for the parameters used in
standard cosmology. Equation (45) then gives ΩΛ ≈ 2/3, which
is consistent with the value adopted from observations.
Due to the dependence of tc/tH on ΩΛ, there is in fact a
unique solution for both ΩΛ and tc/tH from Eq. (45), namely
ΩΛ = 0.664 and tc/tH = 3.15 (in the case that ΩM is due to mat-
ter rather than radiation, see below). Any other value is prohib-
ited, since it would not be consistent with this equation. These
values should be compared with the corresponding values de-
rived by Planck Collaboration et al. (2016) from the CMB ob-
servations when applying the interpretational framework of stan-
dard cosmology: 0.69 and 3.26 (= 46.9GLyr / 14.4GLyr), re-
spectively. The agreement between observations and theory can
be considered good, in particular since we do not use any free
fitting parameters in our theory, and the CMB observations have
been interpreted with a theoretical framework that is not identi-
cal to ours.
From the definition of conformal time in Eq. (33), the solu-
tion for tc/tH can be written as
tc
tH
=
1
tH
∫ tU
0
dt
a
=
∫ ∞
0
dz
E(z)
, (46)
where z is the redshift, tU is the age of the universe in normal
cosmic time units, and
E(z) = [ΩE (1 + z)
n + ΩΛ ]
1/2 . (47)
Since this expression represents the case of zero curvature,ΩE =
1 − ΩΛ can be transformed away (cf. Longair 2012). Here we
have introduced parameters ΩE and n = 3(1 + w), where w is
the equation of state parameter, to allow for the two main cases
when the universe is matter-dominated (w = 0) as it is at present,
in which case ΩE = ΩM and n = 3, and when it is radiation
dominated (w = 1/3 as in the early universe), in which case
ΩE = ΩR (dimensionless density parameter for radiation) and
n = 4. The expression for tc/tH in Eq. (46) can be inserted in
Eq. (45), which can then be solved numerically. For the matter-
dominated universe in which we now live, ΩΛ = 0.66, while
in the radiation-dominated era ΩΛ = 0.93. Thus almost all of
the energy density in the early universe was in the form of the
vacuum energy that is a consequence of the restricted extent of
the physical time line.
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ΩΛ remains constant for all times as long as there is
no change in the equation of state for ΩE . In the radiation-
dominated era ΩΛ stays at 93% all the way back to the Planck
era, in the matter-dominated era it stays at 66% for all fu-
ture times. The present balance between ΩM and ΩΛ leads to
the value 1.07 for the ratio between the Hubble time and the
age of the universe (while it is 14.4/13.8 = 1.04 according to
Planck Collaboration et al. (2016)), which is close to unity. This
implies that the expansion parameter a(t) is nearly linear with re-
spect to time except for a small deceleration, and it will remain
so forever. There will be no transition to an exponentially ex-
panding phase as is often believed and which would result in an
utterly empty universe. In the radiation-dominated early universe
the ratio Hubble time to age of the universe is slightly smaller,
about 96%, which also implies an almost linear expansion ex-
cept for a small acceleration as a result of the larger ΩΛ.
4. Implications for dark matter
The results of the previous section demonstrate how our expla-
nation of dark energy as an emergent phenomenon leads to non-
standard features outside the current framework, although it ac-
counts for the observed Λ effects and is largely consistent with
overall aspects of standard cosmology. The non-standard aspects
represent an advantage, because the theory becomes amenable to
future observational tests that may bring in different perspectives
on unsolved issues in cosmology.
Here we will focus on one such unsolved, long-standing
enigma in astrophysics: the nature of dark matter. There
have been numerous attempts to account for dark matter
through a parametrized modification of Newtonian gravity to
fit the observed rotation curves of galaxies, starting with the
MOND (modified Newtonian dynamics) approach introduced by
Milgrom (1983).
The term a00 j0 in Eq. (20) for the Helmholtz potential actu-
ally has the right functional form to give an excellent fit to the
observed galaxy rotation curves if we were to use a00 and wave
number kΛ ≡ 2π/rΛ ≡
√
2Λ (cf. Eqs. (13) and (17)) as free
parameters. However, in our case the wave scale implied by kΛ
is not a free parameter but is fixed by the value of Λ, which is
observationally tied to the accelerated expansion of the universe,
and which is also theoretically fixed via Eq. (45).
While our kΛ implies a characteristic distance scale that is
given by the radius of the causal horizon, the galaxy distance
scale over which we need significant modifications of the Newto-
nian potential to account for the dark matter signatures is smaller
by at least about four orders of magnitude. Since Λ ∼ 1/r2
Λ
, we
would need a value of Λ that is larger by a factor of about 108 to
induce significant Helmholtz effects on the Newtonian potential
at galaxy scales, but such a possibility is prohibited by cosmo-
logical constraints.
There now exists rather convincing observational evidence
that disfavor an explanation of dark matter in terms of a modifi-
cation of gravity, in particular from the observations of a pair
of colliding galaxy clusters, the so-called Bullet Cluster (cf.
Markevitch et al. 2004; Clowe et al. 2006), which reveal a sig-
nificant offset between the visible matter distribution and the
dark matter inferred from gravitational lensing. While this offset
implies that the invisible componentmust consist of collisionless
matter, it does not imply that this matter should be non-baryonic
and consist of some yet to be discoveredweakly interacting mas-
sive particles (WIMPs).
The main reason why most of dark matter is believed to be
non-baryonic is the required compatibility with predictions from
BBN (Big Bang nucleosynthesis) calculations. A small baryonic
mean density (ΩB ≈ 5% of the critical density ρc) is needed
within the standard cosmological framework for agreement of
BBN with the observed abundances of the light chemical ele-
ments. The situation however changes with our new theoretical
framework, because the expansion rate at the epoch of nucle-
osynthesis is different. Here we will show that when this non-
standard aspect is accounted for, agreement between observed
abundances and BBN calculations requires that ΩB is instead of
the same order as the present ΩM = 1 − ΩΛ, which implies that
(within the uncertainties of the derivations) all of the dark matter
is baryonic, there may no longer be any justification for intro-
ducing anything exotic of not yet discovered nature.
For an overview of BBN physics we refer to Peebles (1993).
It is outside the scope of the present paper to carry out compre-
hensive BBN calculations that fully account for the non-standard
effects of our new theoretical framework in quantitative detail.
We will limit our focus to the deuterium abundance, which is
the “baryometer of choice” (cf. Steigman 2007) because of its
particularly high sensitivity to the adopted value of the relative
baryon abundanceΩB.
The bottleneck for all subsequent BBN processes is deu-
terium formation. There is competition between deuterium cre-
ation through proton-neutron collisions and deuterium photodis-
sociation by the ambient radiation field. BBN could only start
when the general photon energy fell below the binding en-
ergy of deuterium, which occurred when the temperature in the
Big Bang dropped below 109K. Then all the free neutrons got
quickly captured to form deuterium. Once a significant fraction
of deuterium nuclei d were available, they started to be used up
for the production of 4He, with d + d collisions as the first step,
leading to tritium (t) or 3He formation, followed by t + d and
3He+ d reactions.
This had the result that all free neutrons ended up in 4He
while deuterium was destroyed in the process. The deuterium
destruction was however incomplete because of the density drop
due to the expansion of the universe, which brought the deu-
terium destruction to a halt. The remaining, undestroyed abun-
dance of deuterium is therefore a very sensitive function of the
initial baryon density, parametrized by the dimensionless ΩB,
and the expansion rate that is responsible for cutting off the de-
struction process. This is the reason why deuterium is the bary-
ometer of choice, our measure of the ΩB parameter.
In standard cosmology the effects of spacetime curvature
and a hypothetical cosmological constant become negligible in
the early universe, because matter and radiation scale with the
scale factor a(t) like a−3 and a−4 to become the dominant drivers
of the expansion in the early universe. The expansion rate gets
uniquely determined by the Friedmann solution that describes
the radiation-dominated era, for which the Hubble time is 2.0
times the age of the universe. The only remaining free parameter
for the BBN calculations is ΩB, which is then constrained to be
about 5% to agree with the observed deuterium abundance.
A non-standard feature that follows from our explanation
of dark energy as an emergent phenomenon is that the expan-
sion rate in the early universe is 2.09 times faster than in the
models of standard cosmology (as explained below). This has
the consequence that the deuterium destruction process is ter-
minated significantly sooner, leaving a fraction of undestroyed
deuterium that is much higher than the observed abundance, un-
less we compensate the faster expansion rate by using a higher
value for the baryon density. RaisingΩB increases the deuterium
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destruction rate, to allow the same fraction of deuterium to be
destroyed within the shorter time interval that is available for
this process.
Next we will quantify these arguments by showing that an
increase of the expansion rate by a factor of 2.09 requires an in-
crease of ΩB to the approximate level of the total matter density
ΩM to restore agreement between the BBN predictions and the
observed deuterium abundance. Since ΩM includes all of dark
matter, we are led to the conclusion that there may be no need
to invoke the existence of non-baryonic matter to explain the ob-
served high value of ΩM . All of it can be baryonic without vi-
olating the BBN constraint imposed by the observed deuterium
abundance.
Here we will limit ourselves to an idealized BBN treatment,
since the full solution of the nuclear rate equations in our non-
standard cosmology is beyond the scope of the present paper.
Our main idealization is to treat deuterium creation and destruc-
tion as occurring in two separated stages: (1) As soon as pho-
todissociation vanishes when the expanding universe cools, all
of the free neutrons get captured into deuterium nuclei. (2) Sub-
sequently the deuterium destruction begins, whereby deuterium
gets converted into helium via 3He or tritium. This destruction
process occurs with a rate γ and duration ∆t, after which it
ceases, leaving a surviving deuterium abundance that is a fac-
tor exp(− γ ∆t) smaller than the initial value at the beginning of
stage 2. ∆t is proportional to the Hubble time or inverse expan-
sion rate.
In reality the two stages overlap. The destruction process
does not wait until the creation process is finished, but sets in
as soon as a significant amount of deuterium nuclei have been
created. Our idealization however not only simplifies the cal-
culations, it has the advantage of bringing out the basic BBN
physics in a more transparent way.
Full BBN calculations show that the surviving deuterium
abundance, usually represented by the number density yD = D/H
of nuclei relative to hydrogen, depends on the baryon density
ΩB in a way that can be approximated in the form of a power
law: yD ∼ Ω−αB . This interpolation formula gives excellent re-
sults when using α = 1.6 for values of ΩB around 5%, the
value favored in standard cosmology (Steigman 2007). How-
ever, a glance at Fig. 6.5 in the monograph by Peebles (1993)
shows that the steepness of the curve that depicts the calculated
deuterium abundance as a function of the baryon abundance in-
creases significantly with increasing ΩB. Near the midpoint (on
a logarithmic scale) of the range between ΩB and ΩM the slope
of the curve corresponds to α ≈ 3. Therefore the interpolation
formula should only be used for the purpose of crude estimates
if applied to a wider ΩB range, as we are doing here. We use
it for convenience and because it makes the presentation of the
physics more transparent.
With these caveats we will use the interpolation formula to
treat α as a parameter that gets determined by the assumed re-
quirement that all matter, including dark matter, is baryonic. The
consistency of this assumption is then tested by checking if the
derived value of the α parameter falls within a physically plau-
sible range around the representative midrange slope value of
α ≈ 3.
Let us with the help of this idealization compare the BBN
results of standard and non-standard cosmology, distinguishing
them with indices s and ns, respectively. If the two versions of
cosmology are both going to agree with the same observed value
for yD, then the following relation must hold (within the frame-
work of our idealization):
Ω−αB,s e
− γ∆ts = Ω−αB,ns e
− γ∆tns . (48)
It describes how any change in the time scale ∆t must be com-
pensated for by a corresponding change in the baryon density in
order to preserve agreement with the observations.
Now let us test if our non-standard cosmology is consistent
with a scenario where all dark matter is baryonic, which means
that we set ΩB,ns = ΩM , where ΩM represents all matter, bary-
onic plus non-baryonic. Removing index s from ΩB we then ob-
tain from Eq. (48)
(
ΩM
ΩB
)α
= R κs , (49)
where
Rs ≡ e− γ∆ts , (50)
and
κ ≡ ∆tns
∆ts
− 1 . (51)
According to Planck Collaboration et al. (2016) ΩM/ΩB = 6.3.
The destruction factor Rs is the ratio between the final value of
yD and its initial value y
(0)
D
at the beginning of stage 2 in our
idealized scenario. If all free neutrons at the start of stage 1 end
up as part of 4He with a mass fraction Y and do it after first
having been absorbed into deuterium, then the mass fraction of
deuterium at the beginning of stage 2 is also Y. Expressing Y in
terms of the number density y
(0)
D
relative to hydrogen, we have
Y = 2y
(0)
D
/(2y
(0)
D
+ 1), which, when inverted, gives
y
(0)
D
=
0.5Y
1 − Y . (52)
According to Steigman (2007) yD = 2.6 × 10−5 and Y = 0.249,
which according to Eq. (52) gives y
(0)
D
= 0.166. We then find
Rs = yD/y
(0)
D
= 1.57 × 10−4, which demonstrates that only a
minor fraction of the deuterium survives destruction in the Big
Bang.
The ratio ∆tns/∆ts equals the ratio between the correspond-
ing Hubble times. At the end of Sect. 3.7 we showed that in
the radiation-dominated era of our non-standard cosmology the
Hubble time is 95.8% of the age of the universe, while in stan-
dard cosmology it is 2.0 times the age. The ratio ∆tns/∆ts is
therefore 0.958/2.0 = 0.479, which gives us κ = −0.521.
As we have now assigned observationally constrained values
for all the parameters in Eq. (49) except for the parameter α, we
can solve for α, obtaining
α = 2.5 . (53)
This value should be compared with the previously mentioned
midrange slope value of α ≈ 3 that is representative for the ac-
tual slope derived from rigorous BBN calculations. In view of
the uncertainties of our simplified treatment the agreement be-
tween the two values is sufficiently close to satisfy our consis-
tency test: With the 1/0.479 = 2.09 times faster expansion rate
of our theory, agreement between the BBN calculations and the
observed deuterium abundance gets restored if the baryon den-
sity parameterΩB is raised to the level of the total matter density
parameter ΩM . This suggests that all dark matter may indeed
be baryonic without violating BBN, there may be no reason to
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introduce yet to be discovered exotic particles for the purpose
of explaning the observed deuterium abundance. Because of our
simplified treatment, however, this conclusion still needs to be
validated by full and rigorous BBN calculations.
If all dark matter is indeed baryonic, it is clear that most
of it must be cold and collisionless, and therefore have macro-
scopic properties that are not that different from those ofWIMPs.
Such behavior would be the case if it for instance would be
composed of grains, rocks, and primordial black holes, with a
spectrum of sizes spanning from tiny grains to planetary size
bodies. Larger dark bodies (MACHO— Massive Astrophysical
Halo Objects) appear to be disfavored by constraints from grav-
itational microlensing as major candidates for dark matter, al-
though the evidence is not yet conclusive (cf. Calchi Novati et al.
2005; Tisserand et al. 2007). A high value of ΩB poses other is-
sues beyond BBN, which need to be clarified, for example com-
patibility with the observed signatures of baryon acoustic oscil-
lations (BAO) in the CMB spectrum. The CMB imprint is in the
form of a characteristic distance scale that represents the sound
horizon, the comoving distance that sound waves can travel from
the time of the Big Bang to the time when the baryons decou-
ple from the radiation field. Like in the BBN case we have two
competing effects. The speed of sound depends on the baryon
density, while the travel time depends on the expansion rate of
the universe. Both are modified in our non-standard cosmology.
It is however outside the scope of the present paper to work out
the details of this here.
5. Conclusions
Our resolution of both the dark energy and dark matter conun-
drums has been achieved without the use of any free parameters
and without any modification of the Einstein equations for grav-
ity, except for the removal of the “cosmological constant” from
these equations. The origin of the observed accelerated expan-
sion of the universe is not in the formulation of the equations for
gravity, but has to do with the cosmic boundary conditions.
The cosmological phenomena that are generally referred to
with the label “dark energy” may be seen as the result of a global
cosmic resonance that emerges because the age of the universe is
finite. TheΛ term has the dimension of the square of a frequency,
which we may think of as the “pitch” of the universe. In the
beginning, when the horizon of the universe was small, the pitch
was high, but it got lower as the universe increased in size, in
inverse proportion to the horizon radius.
In contrast, when Λ is put in by hand as a cosmological con-
stant, the pitch always remains the same, regardless of whether
the universe is small or large. Since there is no physical justifica-
tion for inserting such a constant, the anthropic principle has of-
ten been invoked in the guise of an “explanation”: The existence
of biological life constrains the allowed values of Λ to a nar-
row range around the actually observed value. Such an argument
opens the door to the proliferation of parallel universes with dif-
ferent values of the cosmological constant, some of which are
harbouring life, while most of them do not.
According to the present work the possibility of universes
with other values of Λ does not exist. Nature did not have a
choice, because the requirement of logical consistency leads to
uniqueness.
The explanation of dark energy as an emergent phenomenon
leads to non-standard cosmological consequences. One of these
consequences provides a resolution of the dark matter enigma.
This resolution is not in terms of modified gravity, because this
would require a major modification at scales several orders of
magnitude smaller than the horizon scale, for which there is no
justification. Instead dark matter must really be made up of phys-
ical particles. However, because of the non-standard cosmology
that follows from our explanation of dark energy, all the dark
matter particles nowmay be baryonic, there may not be any need
to invoke the existence of some yet to be discovered exotic par-
ticles (WIMPs).
The main reason for the belief in the existence of non-
baryonic matter has come from the comparison of the observed
abundances of the light elements with the predictions from BBN
(Big Bang nucleosynthesis) calculations. While the relative frac-
tion ΩM of matter in the universe is of order 30%, at most 5%
can be baryonic (ΩB) to satisfy the BBN constraints.
These constraints are however based on the framework of
standard cosmology. The non-standard aspects in our theory for
dark energy lead to an expansion rate in the early universe that is
2.1 times the expansion rate in the standard cosmological mod-
els used for the BBN calculations. When the faster value of the
expansion rate is used for the calculations, the baryonic mass
fraction ΩB must be increased to the level around that of ΩM to
be compatible with the observed abundances. To show this we
have used a simplified treatment focused on the case of the deu-
terium abundance, so this resolution of the dark matter enigma
still needs to be validated by more complete and rigorous mod-
eling of BBN and other relevant observational constraints, like
the observed CMB imprints of the baryon acoustic oscillations.
Our explanation of dark energy uses classical theory, at least
in the sense that Planck’s constant does not appear in the ex-
pression for ΩΛ in Eq. (45). Our conclusion that dark matter
is baryonic does not make use of anything beyond the well-
established domain of particle physics, no “exotic physics” is
called for. Nevertheless the process of clarifying the role of the
cosmic boundary conditions has cast some light on intriguing as-
pects of gravity. Examples: the wave nature of the gravitational
interaction, the feedback effects of the vacuum energy (vacuum
polarization), structural similarities with quantum field theory,
metric-induced thermodynamics, scaling relations between the
present and the Planck era, and the necessity of a hot Big Bang
fromHeisenberg’s uncertainty principle. These aspects may help
guide us in our quest for a theory of quantum gravity.
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